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Abstract 



In this paper, we are concerned with the problem of existence of solutions for generalized re- 
flected backward stochastic differential equations (GRBSDEs for short) and generalized backward 
stochastic differential equations (GBSDEs for short) when the generator fds + gdAs is continuous 
I with general growth with respect to the variable y and stochastic quadratic growth with respect to 

■ the variable z. We deal with the case of a bounded terminal condition ^ and a bounded barrier L 

as well as the case of unbounded ones. This is done by using the notion of generalized BSDEs with 
two reflecting barriers studied in [15| . The work is suggested by the interest the results might have 



■ in finance, control and game theory. 

Keys Words: Generalized reflected BSDE; generalized BSDE; stochastic quadratic growth; Ito-Tanaka 
formula. 
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cn ■ 1 Introduction 

I ■ 

, Originally motivated by questions arising in stochastic control theory, backward stochastic differen- 

' tial equations have found important applications in fields as stochastic control, mathematical finance, 

OO . Dynkin games and the second order PDE theory (see, for example, flll [T71[?fl[^ [51[5] and the references 

' therein). 

The particular case of linear BSDEs have appeared long time ago both as the equations for the 
adjoint process in stochastic control, as well as the model behind the Black and Scholes formula for 
the pricing and hedging of options in mathematical finance. However the notion of nonlinear BSDEs 
' has been introduced in 1990 by Pardoux and Peng |26j . A solution for such an equation is a couple of 

adapted processes (Y, Z) with values in M x M'^ satisfying 

Yt^i + j^ f{s,Ys,Zs)ds- ZsdBs, 0<t<T. (1.1) 

In , the authors have proved the existence and uniqueness of the solution under conditions including 
basically the Lipschitz continuity of the generator /. 



^This work is supported by Hassan II Academy of Science and technology and Action Integree MA/10/224. 
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Prom the beginning, many authors attempted to improve the result of [5^ by weakening the Lipschitz 
continuity of the coefficient /, see e.g. P [11 d O [THl [M [H [23 [21IZI , or the L^.integrabihty of the 
initial data ^, see ]TT\ [5]). 

When the generator / is only continuous there exists a solution to Equation p.ip under one of the 
following group of conditions : 

• ^ is square integrable and / has an uniform linear growth in y, z (see Lepeltier and San Martin |23j). 

• ^ is bounded and / has a superlinear growth in y and quadratic growth in z, i.e. there exist a 
positive constant C and a positive function 0, such that 

where / , , . = / , , , = oo (see Lepeltier and San Martin i22i; Kobylanski [20]). 

• ^ is bounded and / satisfies the following condition 

|/(i,c^,2/,z)| <C + i?t|2| + i|zp, 

where C is a positive constant and i? is a square integrable process with respect to the measure dtdP 
(see Hamadene and El Karoui |13|). 

• There exist two constants /3 > and 7 > together with a progressively measurable nonnegative 
stochastic process {a(i)}t<T and a deterministic continuous nondecreasing function : _/R+ — > IR^ 
with 1/3(0) = such that, P— a.s., 

i) for each {t, y, z), y{f{t, y, z) ~ f{t, 0, z)) < /3|y|2, 

a) for each (i,2/,z), | f{t,uj,y,z) \< a{t) + ip{\y\) + - | z p, 

m) JE;e^e''^(l«l+/o'' < +00, 
(see Briand and Hu [6J). 

The notion of reflected BSDE has been introduced by El Karoui et al [12\. A solution of such an 
equation, associated with a coefficient /; a terminal value ^ and a barrier L, is a triple of processes 
(Y, Z, K) with values in M. x x ]R+ satisfying 

Yt^^ + f{s,Ys,Zs)ds + KT-Kt~ ZsdBs, Yt > Lt yt<T. (1.2) 
Here the additional process K is continuous non-decreasing and its role is to push upwards the process 

r 

Y in order to keep it above the barrier L and moreover it satisfies / (Yg — Ls)dKs = 0, this means that 

the process K acts only when the process Y reaches the barrier L. Once more under square integrability 
of the terminal condition ^ and the barrier L and Lipschitz property of the coefficient /, the authors 
have proved that Equation p.2p has a unique solution. 

When the generator / is only continuous there exists a solution to Equation p.2p under one of the 
following group of conditions : 

• ^ and L are square integrable and / has an uniform linear growth in y,z (see Matoussi [25] ). 

• ^ and L are bounded and / has a superlinear growth in y and quadratic growth in z, i.e. there 
exist a positive constant C and a positive function (p, such that 

|/(<,c.,y,z)| <0(y) + C|z|2, 
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f + 00 



ds 



ds 



oo (see Kobylaiiski, Lepeltier, Quenez and Torres \'21\). 



^^^^^^ Jo ^(s) J-oc (t>is) 

We should point out here that, in the previous works, the existence of a solution for RBSDE or 

BSDE has been proved in the case when the quadratic condition imposed on the coefficient / is uniform 

in ll) and hence those works can not cover, for example, a generator with stochastic quadratic growth of 

the form Cs{uj)il>{\y\) | zp. Moreover, most of the previous works require that the terminal condition ^ 

and the barrier L are bounded random variables in the case of GRBSDEs or ^ is bounded in the case 

of GBSDEs. These conditions on /, ^ and L seem to be restrictive and are not necessary to have a 

solution. 

One of the main purpose of this work is to study the GRBSDE with one barrier L which is a reflected 
BSDE which involves an integral with respect to a continuous and increasing process A of the form : 



< 



(1.3) 



(i) Yt^^ + J f{s,Ys,Zs)ds + J g{s,Ys)dAs 

dKs ~ / ZsdBs, t < T, 
(li) Vt < T, it <Yt, 

[iii) J {Yt - Lt)dKt = 0, a.s., 

[ {iv) reC KeJC z e r^.^. 

We prove existence of solutions for GRBSDE (|1.3I) when the generator fds + gdAs is continuous with 
general growth with respect to the variable y and stochastic quadratic growth with respect to the 
variable z. This allow us to cover some BSDEs having a generator satisfying, for example, the following 
condition : for each (s,a;,2/, z) 



\J{s,uj,y,z)\ < as(l){\y\) 
\g{s,uj,y)\<M{\y\), 
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where a, 4>, C, V', R and (3 are given later. We deal with the case of a bounded terminal condition ^ and 
a bounded barrier L as well as the case of unbounded ones. We give some examples which are covered 
by our result and, in our knowledge, not covered by the previous works. Moreover, as we will see later, 
the existence of a solution for our GRBSDE (|1.3p is related to the existence of a solution {x, z, k) for 
the following BSDE : 



^ V sup Ls 

s<T 

Rs 



Xt 



Xs > 0, Vs < T, 



4>{xs)dris - 

t 

\ ds + dkg 

Jt Jt 

keIC ze 



Csll^iXs) 



ZgdBs, 



I Zs p ds 



(1.4) 



Roughly speaking, we prove that if the BSDE (|1.4I) has a solution and the coefficient fds + gdAg is 
continuous with general growth with respect to the variable y and stochastic quadratic growth with 
respect to the variable z ( see condition (H.2) below), then the GRBSDE (jl.3l) has a solution. Therefore 
a natural question arises : under which condition on L,(j),ip,C,ri), the BSDE (11.41) has a solution? 
This is the second purpose of this work. 

The third purpose of this work is to prove the existence of solutions for the GRBSDE (|1.3p when 
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the barrier L = —oo which is nothing else than a GBSDE of the form : 

(i) Yt^^ + j f{s,Y,,Z,)ds + J g{s,Ys)dAs-J Z,dB,,t<T, 

(ii) YeC, 



(1.5) 



As a very particular case of our result, when ^ is not bounded, we obtain that the following BSDE 



Yt^^+ [ ^\Zs\^ds- [ ZsdBs, (1.6) 



t 2 



has a solution if 



E 



l{Cr>0} + |^|l{Cr=0} 



< +00, 



where 7 be a nonnegative process which is Tt— adapted and Ct — sup |7s|, Vi G [0,r]. Moreover 

0<s<t 

Ktl < ^ ''{Ct>0} + E[A\J-t)l{Ct=0}^ 

_ eCTlil _ I 
where A = 1{Ct>o} + |?|1{Ct=o}- 

To prove our results, we will use an approach based upon the recent result obtained in the preprint of 
Essaky and Hassani where the authors have proved the existence of a solution for a generalized 
BSDE with two reflecting barriers when the generator fds + gdAg is continuous with general growth 
with respect to the variable y and stochastic quadratic growth with respect to the variable z and 
without assuming any P-integrability conditions on the data. This result allows a simple treatment 
of the problem of existence of solutions for one barrier reflected BSDEs and also for BSDEs without 
reflection. This approach seems to be new. 

Let us describe our plan. First, some notation is fixed in Section 2. In Section 3, we recall the 
existence of solutions for GBSDE with two reflecting barriers studied in [T5]. Section 4 is devoted to 
the proof of a general existence result for GRBSDE and GBSDE when the coefficients fds + gdAg is 
continuous with general growth with respect to the variable y and stochastic quadratic growth with 
respect to the variable z. In section 5, we give sufficient conditions under which the BSDE (|1.4p has a 
solution. In section 6, we give some important consequences and examples of our results. 



2 Notations 

The purpose of this section is to introduce some basic notations, which will be needed throughout this 
paper. 

Let (ri,-F, {J-t)t<T, P) be a stochastic basis on which is defined a Brownian motion {Bt)t<T such that 
{^t)t<T is the natural filtration of {Bt)t<T and J-q contains all P-null sets of J^. Note that (J-t)t<T 
satisfies the usual conditions, i.e. it is right continuous and complete. 

Let us now introduce the following notation. We denote : 

• to be the sigma algebra of /'(-progressively measurable sets on x [0,r]. 

• C to be the set of iR-valued P-measurable continuous processes {Yt)t<T- 

• C^'"^ to be the set of JR'^-valued and P-measurable processes {Zt)t<T such that 

T 

\Zs\^ds < 00, P — a.s. 
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• /C to be the set of P-measurable continuous nondecreasing processes {Kt)t<T such that Kq = Q 
and Kt < +00, P- a.s. 

The following assumptions will be needed throughout the paper : 

• ^ is an J^T-measurable one dimensional random variable. 

• / : V, X [0,T] X M^'^'^ — > M \s a function which to {t,uj,y,z) associates f{t,uj,y,z) which is 
continuous with respect to (y, z) and P-measurable. 

• g : SI X [0,T] X M — > M is a function which to {t,uj,y) associates g{t,LJ,y) which is continuous 
with respect to y and P-measurable. 

• A is a. process in fC. 

• L := {Lt, < t < T} is a real valued barrier which is 'P-measurable and continuous process such 
that ^>Lt. 



3 Generalized BSDE with two reflecting barriers 



In view of clarifying this issue, we recall some results concerning GRBSDEs with two barriers which 
shall play a central role in our proofs. Let us start by recalling the following definition of two singular 
measures. 

Definition 3.1. Let /iti and 112 be two positives measures defined on a measurable space (A, E), we say 

that jii and ji2 are singular if there exist two disjoint sets A and B inY, whose union is A such that fj,i 
is zero on all measurable subsets of B while H2 is zero on all measurable subsets of A. This is denoted 
by /xi _L 1J.2. 

Let us now define the notion of solution of the GRBSDE with two obstacles L and U. 

Definition 3.2. We call {Y, Z, , K^) :— {Yt^Zt^K^ ,K^)t<,T a solution of the generalized reflected 
BSDE, associated with coefficient fds + gdA^; terminal value ^ and barriers L and U, if the following 
hold : ^ ^ 

f{s,Y„Z,)ds+ I g{s,Y,)dA, 



+ / dK+ - [ dK- - [ ZsdBs,t< T, 
Jl Jt Jt 

{ii) Y between L and U, i.e. yt <T, Lf <Yt < Ut, 

(Hi) the Skorohod conditions hold : 

j^{Yt - Lt)dK+ = J^iUt - Yt)dKt = 0, a.s., 

(iv) YeC K+,K- elC° Z G £2,d^ 

(v) dK+±dK-. 



(3.7) 



We introduce also the following assumptions : 



p and 



(A.O) Ut — Uo-Vt- [ psds - [ OsdA, + / XsdB,, with t/o G F G /C, x G 

Jo Jo Jo 

6 are non-negatives predictable processes satisfying / psds + / OsdAs < +00 P— a.s., such that 

Lt < Ut, Vt e [0, T] and ^ < C/t- ^ ° \ 

(A.l) There exist two processes rj G L°{Cl, L^{[0, T], ds, iR+)) and C G C such that: 



V(s,w), \f{s,oj,y,z)\<r]^{oj) + 



^^\zf, VyG [L.(a;),C7,(w)], ^z G M''. 
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(A.2) There exists a process 77" e L°{n, L^{[0,T], dA^, R+)) such that 

V(s,t^), \g{s,uj,y)\<ri^, e [Ls{uj),Us{uj)]. 

The fohowing resuh is obtained by Essaky and Hassani and it is related to the existence of maximal 
(rasp, minimal) solution of (|3.7p . that is, there exists a quadruple {Yt, Zt, K:^ , K^)t<T which satisfies 
p.7p and if in addition {Y^ , Z^, K^~^ , Kf ~)t<T is another solution of p.7p . then P-a.s. holds, for all 
t < T, Y; < Yt (resp. F/ > F^)- 

Theorem 3.1. Let assumptions {A.0)-{A.2) hold true. Then there exists a maximal (resp. minimal) 
solution for GRBSDE with two harriers 113. ?)) . Moreover for all solution (Y, Z, , K~) of Equation 
hS. 7)) we have 

dK; < (f{s, Us,Xs) - Ps] ds + (g{s, Us) - 0s] dAs. (3.8) 



Furthermore, if the following condition hold 

Lt -.^ Lq + Vt + I Psds + / OsdAs + / XsdBs, with Lq e R, V e JC, x ^ ^'^''^ , P and are 
Jo Jo Jo 

non-negatives predictable processes satisfying / p^ds + / OgdAs < +00 P—a.s., then 

Jo Jo 

dK+ <(^-fis,Ls,Xs)-p^^ ds+(^-gis,Ls)-es^ dAs. (3.9) 

Proof. The existence result follows from Essaky and Hassani [15J. By applying Ito-Tanaka formula to 
Ut~Yt^ ^C/t-Ft, wefind 

iXs - Zs)l{u,=Ys}ds = 0, 

and 

dK; < l{c/.=n} [dKt + {f{s, Us,Xs) - Ps)ds + (g(s. Us) - 0.)d^ 
Making use now the fact that dK+ _L dK' we obtain Inequality (|3.8p . 

Inequality l\'S.9\\ follows by the same way by applying Ito-Tanaka formula to ^Yt — Lt^ — Yt — Lt and 
using the fact that dK^ _L dK~ . ■ 

Remark 3.1. We should point out here that Theorem \3.1\ does not involve any P—integrability condi- 
tions about the data. 

4 General existence result for GRBSDE and GBSDE 

The main objective of this section is to show an existence result of solutions of GRBSDEs and GBSDEs 
in assuming general conditions on the data. As we will see later, we prove that the existence of solutions 
for GRBSDE and BSDE is related to the existence of solutions for another BSDE. 
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4.1 One barrier generalized reflected BSDE 

Let us introduce the definition of our GRBSDE with lower obstacle L. 

Definition 4.1. We call {Y,Z,K) := (Yt, Zt, Kt)t<T o, solution of the generalized reflected BSDE, 
associated with coefficient fds + gdAg; terminal value ^ and a lower barrier L, if the following hold : 



(i) Yt=^+ I fis,Y,s,Zs)ds + j g{s,Y,)dA, 

dKs - / ZgdBs , t<T, 

(ti) Vt <T, Lt< Yt, 



(4.10) 



(til) J {Yt-Lt)dKt = Q, a.s., 

. (iv) YeC KeK. Zer^.-i. 



We arc now given the following objects : 
• an J^T^-measurable random variable A : O 
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• two positive predictable processes a and l3 such that rjT < +oo P-a.s, where rjt 

• two continuous functions 4>, : — > IR+ , 

• a nonnegative process C G C, 

• a nonnegative process B in 

We will make the following assumptions : 

(H.l) ^ < A and < A, Vs e [0,T]. 

(H.2) There exists {x, z,k) gCx C?''^ x /C such that 



/ asds+ / PsdAs, 
Jo Jo 



< 



A + J (l>{xs)dr]s + j 



ds 



T 

+ j dks 
I (ii) a;, >0,Vs<T. 



ds 



ZgdBs, 



From now on, the above equation will be denoted by E+(A, (j){x)df]s 
(ii) For all (s,w) e [0,T] x Q 

f{s,U,Xs,Zs) < as(j){xs) + I Zsl"^ 4 

g{s,u),Xs) < Ps4>{xs). 



CsV'(x) 



Rs\Za I, 



z |2 ds + Rs I z I ds). 



f - f 

{Hi) There exist two positive predictable processes a and /3 satisfying / Ugds + 

_ Jo Jo 

P-a.s, and tp gC such that V(s, w) and V(?/, 2;) satisfying Lg < y < LgV Xg 

I /(s,u;,y,;2) |<a, + ^ | ^ 
I g{s,uj,y) |< 



/J.dA^ < +00 
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Remark 4.1. 1. By using a localization procedure and Fatou's lemma one can prove easily that : 

xt > ]E{A\Tt) > Lt, Vi e [0,T]. 
2. It is worth noting that condition (H.2){iii) holds true if the functions f and g satisfy the following : 
y(s,Lj), \f{s,uj,y,z)\ < <jMs,^,y)+ls'f{s,0J,y)\z\\ Vy £ [Ls{uj),Xs{uj)], Vz G 

and 

V(s,w), \g{s,uj,y)\ < 6sip{s,uj,y), Vy e [Ls{uj), Xs{uj)], (4.11) 

where $, 4* and ip are continuous functions on [0, T] x J? and progressively measurable, 

a e L°{n,L^{[0,T],ds,R+)), ^ C and d e L°{n, L'^{[0,T],dA,, R+)). To do this, we just take a, 

and P as follows : 

at (w) = (It (w) sup sup \<^{s,uj,aLs + {i — a)xs)\, 
s<t Qe[o,i] 

i/'t(w) = 27tsup sup |*(s,w,aLs + (1 - 

s<t ae[OA] 

/3j(w) = (5t(w) sup sup \ip{s,uj,aLs + {I - a)xs)\. 

s<t Qe[o,i] 

The following theorem is a consequence of Theorem 13.11 
Theorem 4.1. Let assumptions {H.l) — {H.2) hold. Then the following GRBSDE 



(z) Yt=^+ fis,Ys,Zs)ds+ g{s,Y,)dA. 



dKs- / Z,dB,,t<T, 



(li) Vi < T, Lt<Yt< Xt, 
(lii) J [Yt ~ Lt)dKt ^ Q, a.s., 

L (iv) YeC KeIC ZeC^'"^. 

has a maximal (resp. minimal) solution. Moreover, if the following condition holds 



(4.12) 



XgdBs, with Lo e M, V e K., X ^ ^ , P o.'^d 9 are 



non-negatives predictable processes satisfying / 'pgds+ / OgdAg < +oo P—a.s., then for all solution 

Jo Jo 

(Y, Z, K) of Equation {4.12\j we have 

dK,<l^-f{s,Ls,Xs)-v)j ds+l^-g{s,Ls)-e)j dA^. (4.13) 

Proof. Let {Y, Z, , K^) be the maximal (resp. minimal) solution of the Equation p.7p with Ut = Xt- 
By using Inequality (j3.8p of Theorem 13.11 we conclude that 



dK < \^f{s,uj,Xs, Zs) - as(l){x 

+ (^g{s,uj,Xs) - (3s<l>{xs) 
^ 0. 



ii.^ I Z. 



ds 



dA, 



Therefore dK = and then Equation (j4.12l) has a maximal (resp. minimal) solution. 
Inequality (|4.13p follows easily from Inequality 
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Remark 4.2. It is worth pointing out that the minimal solution of GRBSDE J^. j^p is also the minimal 
solution of GRBSDE ^jAd^. This statement does not hold for maximal solution. 

Once established the existence of solutions for GRBSDEs, we are now interested in proving the same 
result for GBSDEs. 



4.2 Generalized BSDE without reflection 

To begin with, let us introduce the definition of our GBSDE. 

Definition 4.2. We call (Y, Z) := (Yj, Zt)t<T o, solution of the generalized reflected BSDE, associated 
with coefficient fds + gdAs; terminal value ^, if the following hold : 

{i) Yt^^ + J fis,Y,,Z,)ds + J g{s,Y,)dAs-J ZsdBs,t<T, ^^^^^^ 

(ii) YeC, ZeC^'^K 

For i = 1, 2, we are given the following objects : 
• an JT^-measurable random variable A* : Q. — > M+, 



ft 



two nonnegative predictable processes a* and such that ryi^ < +oo P-a.s, where rjl = a\ds + 

Jo 





• two continuous functions , ■0* • ^+ — ^ ^+ 1 

• a nonnegative process C* S C, 

• a nonnegative process in >C^'^. 

We will need the following assumptions : 
(C.l) -Ai < ^ < A2. 

(C.2) There exists {x\z\k^) G C x £2,^ x /C such that 

(j) xi=A^+ r <l^\xl)drt,+ r ^^i^\zl\^ds+ r K:\zl\ds 



dkl - / zidBs, s<T, 



I (jj) xl>0,ys<T. 

(a) For all (s,w) G [o,r] x n 



fis,u;,xlz^,)<alcl>\xl) + ^^i^\z^J^ 



fis,u:,-xl-zl) > -al^^xl) - \ zl? - Rl \ zl \ . 

{Hi) For aU (s,a;) £ [0,T] x n 

g{s,^,xl)<Pl4>\xl), 
g{s,^,-xl) > -(3l<l>Hxl). 

- - r - f^- 

(if) There exist two positivenonnegative predictable processes a and /3 such that / asds+ P^dAg < 

_ Jo Jo 

+0O P-a.s, and ?/' G C such that V(s, lu) and V(j/, z) satisfying —x] < y < x^ 

\f{s,u;,y,z) 1^ + 

I g{s,(^,y) |< Ps- 
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(4.15) 



The proof of the following Theorem follows easily from Theorem 14. II 
Theorem 4.2. Let assumptions [C.l) — {C.2) hold. Then the following GBSDE 

W Yt^^+ [ f{s,Y,,Zs)ds+ [ g{s,Ys)dAs- [ ZsdBs,t<T, 
Jt Jt Jt 

(a) -xl <Y, < x^ys <T, 
(Hi) Y ec, z e 

has a maximal (resp. minimal) solution. 

The next section is devoted to give immediate consequences of Theorem 4.1 and 4.2 in the case 
where the terminal condition ^ and/or the barrier L are bounded. 

5 First consequences of Theorem 4.1 and 4.2 : the bounded case 
5.1 One barrier GBSDE 

In this subsection, we consider the same notations as in subsection 4.1 and we study only the existence 
of solutions for GBSDE (|4.10p in the case of bounded terminal value ^ and barrier L. The unbounded 
case is treated in the next sections. The following result is consequence of Theorem 14. II 

Corollary 5.1. Suppose that there exist two nonnegative real numbers D and a .such that 

1. i<D and Lt <D,\/te [0, T] . 

2. (f>{y) >Ofory>D. 

/■^ f'^ /■+°° dr 

3. r]T^ asds+ / PsdAs < a < / -— . 

Jo Jo Jd <Pyr) 



4. For all {s,u) e [0,T] x n 



g{s, cj, H-\a - 77,)) < Ps4>{H~\a ~ r;,)), 



where H denotes the inverse of the function H defined by : 

r f^°° dr ^ , , r dr 
H ■.[D,+<x[-^[Qj —I H{x) 



D 



Hr) ' Jd Hr) 



5. There exist two nonnegative predictable processes a and /3 satsfying I agds + / fi^dAs < +00 



JO 

-1/ 



P-a.s, and ip ^ C such that \f{s,uj) and y{y, z) satisfying Ls < y < H ^{a — r]s) 
\ f{s,i^,y,z) \< as + \ z and \ g{s,UJ,y) \< /S^. 
Then the GRBSDE (^TT^ has a solution such that Lt <Yt < H^^ia — rjt). 
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Proof. Set xt ^ H ^{a — rjt), for every t 6 [0,T]. By Ito's formula we have 

Xt^H ^{a-riT) + J (j){xs)dris- 

Set A := H~^{a — rix)- Since H{D) = < a — tjt and H is increasing, it follows then from assumption 
1. that ^ < A and Lt < A, G [0,T]. Hence assumption (H.l) is satisfied. Assumption (H.2)(i) is 
satisfied also with (a;,0,0). The result follows then form Theorem 4.1. ■ 
The following corollaries, with 0(a;) = a;ln(x) and (/'(x) = e^, assuring the existence of a solution for 
the GRBSDE (|4T0| . Their proofs follow easily from Corollary O 

Corollary 5.2. Suppose that there exist two real numbers D > 1 and a > such that 

1. £, < D and Lt < D,\/t e [0, T] . 



2. esssupw y J agds + J PsdAg j < a. 

3. For all {s,uj) £ [0,r] x Q 

f{s, uj, e'"(^)'=°"''° , 0) < ln(i:))ei"(^)'=''""' e'^"'''' , 

4-. There exist two nonnegative predictable processes a and /3 satisfying / asds+ / /S^dAs < +oo 
_ Jo Jo 

P-a.s, and tp £ C such that V(s,a;) and V(y, z) satisfying Ls < y < e'"'^"^)'^ 

_ tJj — 

\ f{s,uj,y,z) \< as + \ z and \ g{s,UJ,y) \< (3^. 

Then the GRBSDE (JUJ^ has a solution such that Lt <Yt < ei"^^)'^""'" . 
Corollary 5.3. Suppose that there exist two real nonnegative numbers D and a such that 
L £, < D and Lt < D,\/t e [0, T] . 

2. esssupyj^J agds + J l3sdAs^ < a < e^^ . 

3. For all {s,lo) £ [0,T] x n 

f{s, LU, - ln(e-^ - a + 77.), 0) < 

]{s, uj, -ln{e^^ - a + rjs)) < — 



a + rjs 



-D 



4- There exist two nonnegative predictable processes a and [3 satisfying / asds-\- I P^dAg < +oo 
_ Jo Jo 

P-a.s, and ip £ C such that V(s, w) and y{y, z) satisfying Lg < y < — ln(e^^ — a + ijg) 

\ f{s,uj,y,z) \< Us + \ ^ "■'^^ I |< 
Then the GRBSDE ^4-10^ has a solution such that Lt < Yt < — ln(e^^ — a + lit). 
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5.2 GBSDE without reflection 

In this subsection, we consider the same notations as in subsection 4.2 and we treat only the existence 
of solution in the case of bounded terminal value ^. The unbounded case is treated in the next sections. 
The following result is a consequence of Theorem 14.21 

Corollary 5.4. Suppose that there exist four real numbers > 0, > 0, and such that 
i) -D^ <^<D^- 

a) For i^l,2, (t)'{y) > for y > D\ 
Hi) For i — 1,2, esssup^ / a^ds + / PldAg < a* < 



(iv) For all (s,w) G [0,r] x fl 

f{s,uj, {H^)-\a^ - r;2), 0) < alcj^^{H^)-\a^ - r^D), 

r dr /■* /■* 

where, for i = 1,2, HHx) = / , ., , , x > D'' and rjl = aids + / (SldAs. 

Jd' ryr) Jo Jo 



(v) There exist two nonnegative predictable processes a and /? satisfying / asds + / PgdAg < +oo 

_ Jq Jo 

P-a.s, and € C such that \f{s,uj) andy{y,z) satisfying —(H^)^^{a^ — rj]) < y < {H^)^^{a^ — rjs) 

\f{s,u:,y,z)\<as + ^\z\^ 

I g{s,^,y) |< lis- 

Then the GBSDE (gJ^ has a solution such that -{H^)-\a^ - < < (H^y^ia"^ - rf^). 

The following corollaries, with 4)^{x) = 4>^{x) = a;ln(a;) and 4)^{x) = 4>'^{x) = e^, assuring the 
existence of a solution for the GRBSDE (|4.10p . Their proofs follow from Corollarv l5.4l 

Corollary 5.5. Suppose that there exist two real numbers D > 1 and a such that 
^)\^\<D- 



ii) esssupw y J agds + J /3sdAs j < a < +00. 
(Hi) For all (s,w) £ [0,r] x fl 

/(s,w,ei"(-°)^°"''%0) < as ln(i:>)e''^(^)'=°"''°e'^-''% 
/(s,w,-ei'^(-°)^°"''%0) > -a,ln(L')ei"(^)'=°""°e'^-''% 
g{s, oj, ei'^(^)'=°"''° ) < Ps ln(i:')ei"(-°)'=°""" e"^-"- , 
c/(s,w,-ei"(^)^''"''°) > -/3,ln(i:>)ei"(-°)^°"''"e'^-''% 

where rjt = / asds + / /SsdAs- 
Jq Jo 

{iv) There exist two nonnegative predictable processes a and 13 satisfying I asds + / f^sdAs < +00 



P-a.s, and ■0 G C such that V(s,a;) and V(y, z) satisfying \ y \< e'"*^'^^'^ '° 

\f{s,u;,y,z) 1^ as + ^\z\^ 
I g{s,uj,y) \< Ps- 







12 



Then the GBSDE (gJ^j has a solution such that \Yt\< ei"(^)'=" . 

Corollary 5.6. Suppose that there exist two real numbers D > and a such that 
i) esssupw \ C \ ^ D. 



ii) esssupu 



J asds + J PsdAs^ <a<e ^. 



< 


e-D -a 


+ Vs 




-as 




e" 


-D -a + 










-D -a + 


Vs' 








- a + rjs 





(m) For all (s,w) £ [0,r] x Q. 

f{s, w, - ln(e"-° - a + 77s), C 
/(s,a;,ln(e-^-a + r7,),0) 
g{s,uj,-\n{e-° - a + r]s)) : 
g{s, uj, ln(e"-° - a + 77^)) > 

where rjt = / agds + / /SgdAg. 
Jo Jo 

(i')V(s, uj) and V(?/, z) satisfying \ y \< — \n{e~^ — a + 77s) 

I f{s,Lj,y,z) |<a, + ^ I z |2, 
I g{s,uj,y) \< 

Then the GBSDE l^4-M\ ) ^^.^ o, solution such that | 1* |< — ln(e~^ —0 + 774). 

Corollary 5.7. Suppose that there exist a nonnegative real number D such that 
t)\^\<D. 

ii) <j){x) = for x > D. 

T rT \ 

-D 



Hi) esssupw ^ J asds + J /igdAg j a < e 
{iv) V(s,a;) and\/{y, z) satisfying \ y \< — \n[e^^ — '^^ have 

I fis,io,y,z) \< as(bi\ y\) + ^\z\^ +Rs\z\, 
\g{s,uj,y) \<M{\y\). 

Then the GBSDE 1^4-149 f^^.^ o, solution such that | Yf |< — ln(e^^ — a). 

C ihix) 

6 Existence of solutions for E+(A, (j){x)dr]s H — ^ — | z p (is + | 

z I ds) 

As we have seen, by using an approach based upon the recent result obtained in the preprint of Essaky 
and Hassani [TS], Theorem 14.11 and Theorem 14.21 follow easily from Theorem 13. II but there still an inter- 
esting and important question : under which conditions on (A, 0, -0, C, 7/), Equation (A, (j){x)dris + 
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z\ ds + Rs \ z \ ds) 

(j) ^t = A + J^ Hxs)dvs + ^^^^ I zs 1^ ds + R 



T 

ds 

^ ' " ■ Jt " ■ " ' 

d/cs - J ZgdBs, 
Ui) x,>0,Vs<T, * 

has a solution (.t, z, fc) G C x x /C? For that sake, we list all the notations that will be used 
throughout this section. We denote : 

• I? to be a nonnegative constant. 

• A : Q — > [D, +00 [ to be an J^T-measurable random variable. 

• (t>,ijj : [D, +oo[ — > M+ to be two continuous functions such that (j) is of class C^. 

/■+°° dr 

• ?7 e /C to be a process such that Vt < ■ 

Ja (l>{r) 

• C to be a process in iR+ + /C. 

• i? to be a nonnegative process in 

Further we define also the following functions : 

Jd 4>[r) Jd^ nr) 

• F ■.[D,+oo[x[0,+oo[-^ M+, F{x,c)= [ e''/^ V-M-ir^^^ 

Jd 

• : [0, / T7t[ — ^ [^) is such that H~^(y) = a; if and only if H(x) = y, 

• F~^ : M+ X [0, +oo[ — > [D, +oo[, is such that F~^{y, c) = a; if and only if F{x, c) = y. 

• G-.g — >[D, +oo[, G{x, c, 7?) = H-^ (^H{F-'^{x, c)) - fjj , where Q is the set defined by : 

g = {{x,c,v)€{lR+f : H{F-\x,c))>r]}. (6.16) 
We use also the following notations : 

• A = f(^H-'{H{A) + 7]t), Ct^ 

• n {tt e : |7r,| < 1, a.e.} 

• n := {tt e n : ItTsI e {0, 1} a.e. and esssup^ / Rl\TTs\'^ds < +00} 

• := e//«"'^"''^"-5//«'K"l'<i«, for TT e n and s,t e [0,r]. 



We are now ready to give necessary and sufficient conditions for the existence of a solution for a 
particular case of E+(A, (f){x)dr]s H — \ z l"^ ds + Rs \ z \ ds). 



Proposition 6.1. supiEFQ^nA < +00 if and only if there exists (a;^,z"^) G C x solution of the 
Tren ' 

following BSDE 

x]^K + j Rs\zl\ds- j z\dBs,t<T ^g_^^^ 
x\ >0, Vt< T. 
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In this case, there exist 'z G C'^''^ andxt '■— esssupTreulEi^t TM-^t) = ssssup^^^lE{r^ rj,A\J^t) such that 
{x,z) is the minimal solution of Equation i6.17\) . that is for all solution {x^ , z^) of Equation W.IT]) we 
have Xt < x\. 

Proof. Let (t„)„>2 be the sequence of stopping times defined by t„ :— mi{t > : / R^^ds > n} AT. 
According to Theorem 14.21 there exists (x", z") £ C x L'^''^ such that 

= Al^^<„j + J Rslis<r„} \z:\ds- j z"sdB,,t < T (g^^g^ 
< xj* < n, Vte [0,T]. 

By using a locahzation procedure and Lebesgue's convergence theorem we have that, for all stopping 
time v and n > 2, 

x'S = lE{x: + f Rsl{s<r^} I I ds). (6.19) 
On other hand, it follows from Ito's formula that, for all stopping times v < a <T , 

xl = r->^ - j (zr + i?,a;>r)dS, , t < T 
< xl] < n, 



where 

^l{,<.„}ifz:'^0 
elsewhere. 

Using standard localization procedure and Lebesgue's convergence theorem we obtain that, for all 
stopping times v < cr <T and for all n > 2, 

X-, = E{vil xsij-,) = ^(Ffj, x^i = iE;(r-;^Ai{^<„j| 

where we have used the fact that FJ^" is a martingale on [v, T] . 



It follows from comparison theorem that a;" < Set then xt '■— lim t ■ Therefore, in view of 

(pT^)) and ((00)) we get for all stopping time Q<v <T, 



JEx^, < xo < supiB(rjyA) and x^ < esssup^^nlE{Tl j,K\Ty). (6.21) 

Let us now define the sequences of stopping times ((5")i>2 by 5" := inf{s > : a;" > i} A T and 
5, inf ^ lim(5f . Note that < = lim < i, for aUt < 6^. 

n n n 

Define also Ai := 6i f\Ti and let 



Ai /-A; 

z sdS^ 22) 



x\ — x\. + j Rs\ z\ \ ds ~ j 
0<x\<i, W G [0, A,] 



Applying Ito's formula to {x\ — x'^Ye^o ^^'^'^ and using a localization procedure, we conclude that 

Eixl^^^ - x^^^f < e^Eix^^ - xlf, Vn > z. 
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By letting n to infinity we get xl^^, — xtfx\^ and then = z'"*"^ on [0, A^]. Set Zg '■= Vmvz\ls^g<:,Xi] 
on [0, Hence, for all i > 2 

xt^xx,+ I Rs\zs\ds~ ZsdBs 



0<xt<i, \/te [0, A,]. 

Suppose now that sup JB(ro'rA) < +oo. Since liminf x^nlj^.^T-j = il^g.^x} we have iP{6i < T) < 
wen ' n " * 

iE;(liminf < liminf iB(xS'„) < supiB(rjj.A) < +oo. Therefore p( Ui>9 ((5, = T) ) = 1, and then 
" " " ' Tren ' V / 

P^Ui>2 (Ai ~ T)^ = 1. Moreover, it is easy seen that J G C^''^. Now passing to the limit as i goes to 

infinity in Equation (j6.22p we obtain 



Xt = A + J Rs\zs\ds- j ZsdBs ,t<T 
< xt, Vi e [0,T]. 



Henceforth (a;, z) is a solution of Equation (j6.17p which satisfies Xi, < esssupT^^nlElT'^ rpA\J-^), for all 
stopping time < < T. 

On other hand, let (a;^,z^) £ C x C^'"^ be a solution of Equation (|6.17p and consider for all vr G H, 
(x'', z'') G C X r^.d a solution of the following BSDE 



x^=A + J Rs{T:s,z])ds- J z]dBs,t<T 
0<x^ < x\, Vi G [0,T], * 



which is exists according to Theorem 14.21 It follows then from Ito's formula that, for all stopping times 

V<(T<T, 

I XZ=TZ,XI- j rljz^ +RsX^g7Ts)dBs,t<T 

Consequently, for all stopping time <T, we have by Fatou's lemma and standard localization proce- 
dure 

xZ > E(TZ^j.A\T,). 

Hence, for all stopping time v <T, 

xl > esssup^^^E{TZ^jli\T,) (6.23) 

Hence sup 

TTsn ' 

By using inequalities (|6.22p and (|6.23ll we get for all stopping time v <T, 

Xy = esssu-pT,(zYiJEi^Z,T^\^u) = esssup^gjjl?(r^yA|J',,). 
This completes the proof. ■ 
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The following remark play a crucial tool in our results. 
Remark 6.1. Let {x^,z^) e C x C^^'^ he a solution of Equation i6.17\) . 

1. By using Fatou's lemma, one can see that satisfies the following inequality 



X 



\>E{K\Ft)^E(F{H-\H{K)+TiT).CT)\J't] > FiH-\rjt),Ct) > 0, VtG[0,T 



This means that {x} ,Ct,rit) G Q, for all {t^uj) G [0,1"] x £7, where Q is defined by id. 16]) . 
2. For all t G [0,T], let us set 

Xt:=Gixl,Ct,m)- (6.24) 

It is easy seen that 

dG HG{x,c,T^)) e--/o"'<^"'V'Mdr 

W lT-(a;,c,77) = 



dx"- ' ' " (f>{F-^x,c)) 
x,c,r]) 



d^G V dx 



dG , ' ^ 



dx'^ ' ' (f>{G{x,c,ri)) 
dG, . dG. 



0'(G(a;, c, rj)) - (j)'{F-^{x, c)) - c^P-^ {x, c))V'(F"^ {x, c)) 



(e) ^{x, c, - -^(^, c, ir^^-^'^ e^^n i'ir)dr ^i^r)drdt. 
dG 

(d) —{x,c,ri) = -(f>{G{x,c,r))). 

Therefore, by using Ito's formula, one can see that x satisfies the following BSDE 
Xt^A + J^ <f){x,)di]s + ^^^^^ I |2 + ^ R,\zs\ds + J^ dks-J^ ZsdB^, (6.25) 
where (z, k) is given by : 

' — z\ (6.26) 



<\>[F-^{x\,Gs)) 

rF-i(xi,c,) 





with 

Ms = ipiF-\xl,C,),C,)-^{Gixl,Gs,Vs),Cs) and ^(x, c) = (x) + c </)(x)V'(x). (6.28) 
We can now formulate our main results of this section. 



6.1 Main Results 



The following results give sufficient conditions for the solvability of E+(A, 0(x)(i?7s H — ^ | z 

ds + Rs \ z \ ds) . Their proofs follow easily by using Remark l6. II 

Theorem 6.1. Suppose that the following conditions hold : 
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1. supiETpyA < +00. 
Tren 

2. There exists a solution (x^^z^) to Equation W.IT]] such that, dk defined by \6.2T\) . is a positive 
measure. 

Then Equation E^{A,(j){x)dris H ^-^ \ z \^ ds + Rg \ z \ ds) has a solution (x, z, k) given by {6.24% 

mm and fOTI) . 

dG 

In particular, since — —{x\,Cs,ris)dCs is a positive measure, we have the fohowing corohary. 
oc 

Corollary 6.1. Assume that 

1. sup-ZBrpyA < +00. 
Tren 

2. There exists a solution to Equation i 6.171} such that the process M, defined by Ii6.28\) . is 
positive. 

Csip(x) 

Then Equation E+(A, (f){x)dr]s H ^ \ z \^ ds + Rs \ z \ ds) has a solution (x, z, k) given by {6.24% 

nrm and nrm . 

An interesting corollary of Theorem 16.11 is the following. 
Corollary 6.2. Suppose that the following assumptions hold : 

1. sup JETq j,A < +00. 

2. The function X 1—^ (p(a;, Cs(w)), given by i6. 28\) . is nondecreasing on [£',+oo[ dsdP a.e. for (s,w). 

Then Equation E"*'(A, (f)[x)dr]s H — ^ | z |^ ds + i?<; | z | ds) has a solution (x, z, k) given by {6.24% 

mm) and (EM- 

Remark 6.2. It follows from Holder's inequality that, for all stopping time v <T , 

esssupT,^nIE{Tl j,K\Ti,) < A^, 

where 

:= esssupncssinfqyi ^iB^e 2(9-1) ^°'''*(A)'1{a+j-t ^2d^<„} I -F,. 
Indeed, for all t: E H, n Cz IN and q > 1, we have 



< Ie( e^^^^'^'\A)n^^^jr^^,^^^^\T.' 



Hence Aq < +00 is a sufficient condition to have sup ETq rpA < +00. 

Tren 
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Remark 6.3. By taking into account the results of Corollaru \6.'A and Remark \6.'A assumptions 1 and 
2 of the Theorem 16. Jl can be replaced by the following strong assumptions : 

1. Aq < +00. 

2. The function X t-^ ip{x,Cs{itj)), given by id. 28\) . is nondecreasing on [D,+oo[ dsdP a.e. for {s,lu). 

In order to justify the assumptions we introduce to prove the existence of solutions for both one 
barrier GBSDE and GBSDE we give the following consequences. 

6.2 Second consequences of Theorem 4.1 and 4.2 : the unbounded case 

In this subsection, we apply the results from the above sections to study the problem of existence of 
solutions to the GRBSDE (|4.10p and also to the GBSDE (|4.14p . We give various existence results 
dealing with the case of unbounded terminal condition ^ and unbounded barrier L. 

6.2.1 One barrier GBSDE 

The following Corollary follows from Theorem 14.11 and Theorem 16.11 
Corollary 6.3. Suppose that the following assumptions hold : 

1. svcpETljJi < +00. 

2. There exists a solution {x^,z^) to Equation \6.n\) such that dk, defined by \6.2T\) . is a positive 
measure. 

3. sup it < A. 

For all (s,w) G [0,r] x n 

f{s,UJ,Xs,Zs) < as4>{xs) + '^^'^^'"'^ I Zsl"^ + Rs \ Zs I, 
g{s,uj,Xs) < l3s(j>{xs). 

5. There exist two nonnegative predictable processes a and (3 such that / agds + / f3^dAs < +oo 
_ Jo Jo 

P-a.s, and ip € C such that V(s, w) and V(2/, z) satisfying Lg < y < Xs 

\ fis,i^,y,z) \< Us + Y \ z "■'^d \ g{s,uj,y) \< 

where Xt and Zt are given respectively by relations \6.24-^ and 116.26]} . 

Then the GRBSDE ^.10^ has a solution such that Lf <Yt < Xt. 

The following corollaries are direct and interesting applications of Corollaries 16.2116.31 and Remark 
16.31 since all the required assumptions are obviously satisfied. 

Corollary 6.4. Suppose that there exists nonnegative real number D such that : 
i) R = 0, 4>{x) ~ X on [D, +oo[, ^{x) = 1 on [Z), +oo[ and C G IR+ + /C. 

a) Ek < +0O, where A = l{Cr>o} + (Ae''^ - D)1[Ct=o} and A = ^ V sup V £>. 
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(in) There exist two nonnegative predictable processes a and /? satisfying I otgds + / P^dA^ < +00 
P-a.s, and 7p £ C such that V(s, w) and ^{y, z) satisfying Ls < y < x 

- ^ 

—cts 

2 

-P,<g{s,u:,y)<l3s(t>{\y\) 

where 



2 |z|2</(s,y,z)<a,0(|y|) + ^^^ 



Xs^G{]EiA\Ts),Cs,Vs) = e 



■ ln(l + C,jE(A|J-,)) ,«.rAlF^1 

^ H ^ l{c,>o} + ^(A|y-sjl{c,=o} 







Then the GRBSDE {4-^^ ^0,^ solution such that Lt <Yt < Xt- 

Corollary 6.5. Suppose that there exist two real numbers D > 1 and m > such that : 
i) R — 0, 4>{x) — X h\{x) on +oo[, i^{x) — 1 on [D, +oo[ and Cs — m, Vs G [0, T] . 

a) Ee™''^ < +00, where A — ^\/ snpLt y D and r]t :— / agds + / (SgAs- 

t<T Jo Jo 

{Hi) There exist two nonnegative predictable processes a and j3 satisfying j Usds + j /3^(iAs < +00 

P-a.s, and S C such that V(s, w) and V(2/, z) satisfying Lg < y < Xg 

-as-\\z p< f{s,y,z) < aMv\) + I 
-lis < 9{s,uj,y) < as(f>i\y\), 

InfAle'^T 

where x^ = G(iE(e"i"(A)^''^ - = m, 77,) = p/""^ in[D+i i„(E(e"= |^.))]_ 

T/ien the GRBSDE {^.lO^ has a solution such that Lt <Yt < Xt- 

Corollary 6.6. Suppose that there exist two positives real numbers D and m such that : 
i) R ^ 0, (j){x) = X on [D, +oo[, ^^{x) — x on [D, +oo[ and Cs = m, Vs G [0, T]. 



a) E{ / e^^' dt) < +00, where A = ^ V supLt V D. 

Jo t<T 







(iii) There exist two nonnegative predictable processes a and j3 satisfying I Usds + / P^dAs < +00 
P-a.s, and ^ £C such that V(s, w) and ^{y, z) satisfying Ls < y < Xs, 

-as-^\z p< fis,y,z) < as4>i\y\) + I 
-P,<g{s,iu,y)<l3s<j)i\y\), 

where Xs = e-''=Fo"\iB(Fo(Ae''r)| J't)) where the function Fq is defined by : Fo{x) = / e"^ ' '^"^ dt 
ana Fq^ its inverse. Then the GRBSDE ^.10^ has a solution such that Lt <Yt < Xt 



D 



Corollary 6.7. Suppose that there exist two positives real numbers D and m such that : 
i) cf){x) =x on [D, +oo[, ^(2^) = [D, +oo[, R G C^'^ and C e 1R+ + fC. 



i) There exists q>l such that lE^e^(i-^^ /o^ ^^'^'■(Ae''^ - D)''^^ < 



ere sup Lt V D. 

t<T 
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(Hi) There exist two nonnegative predictable processes a and 13 such that I agds + / P^dA^ < +00 

_ Jo Jo 

P-a.s, and 7p £ C such that y(s,u;) and Viy, z) satisfying Ls < y < Xs 

-as^^\z |2< f{s,uj,y,z) < a,</>(| y |) + ^MLM \ z \^ \ z \, 
-Ps < 9{s,uj,y) < (3s(j>{\ y |), 



where Xg = essswp^gn {]E{T'^ rpAe^'^\J-s)) 
Then the GRBSDE {4-1^ ^0,^ solution such that Lf <Yt < Xt- 

6.2.2 GBSDE without reflection 

By combining Tlieorem 14.21 and Tlieorem 16.11 we obtain tlie following. 
Corollary 6.8. Assume that the following hold : 

1. sup-ZBrp j,A < +00. 
Tren 

2. There exists a solution to Equation id. 17]) such that dk, defined by \6.2T\) . is a positive 
measure. 

3. lei < A. 

4-. V(s,w) and \/{y,z) satisfying \y \< Xs 

\f{s,uj,y,z)\<asH\y\) + ^\^A' + Rs\z\, 
\gis,uj,y)\<l3scjj{\y\), 

where Xg is given by \6.24^ . 

Then the GBSDE \4.14^ has a solution such that \Yt \< Xt- 

Corollary 6.9. Suppose that there exists nonnegative real number D such that : 
i) R — 0, 4){x) — X on [D, +oo[, ip{x) = 1 on [D, +oo[ and C G -K+ + /C. 

a) EA < +00, where A = l{Cr>o} + (Ae^'^ - D)1!Ct=o} o,nd A = |^| V D. 

(Hi) \/{s,Lu) and\/{y, z) satisfying \y\ < Xg 



\f[s,y,z)\<ag<P{\y\) + ^^^\z 



where 

Xs^G{IE(K\Ts),Cs,Vs)^e-'^^ 



■ ln(l + C,jE(A|J-,)) .MAIF^I 



Then the GRBSDE ^.14^ has a solution such that \Yt \ < Xt- 

The following remark gives a sufficient condition for the existence of solution for the BSDE (j4.14|) 
when f{s, y, z) = ^ | z p and g{s, y) = 0. 
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Remark 6.4. Let ^ be a nonnegative process which is J-f— adapted and Ct = sup 7^, Vt S [0,T]. We 

0<s<t 

consider the following BSDE 



Yt=^ + ^\Z,\'' ds^ 



dB, 



It follows from the Corollary \6.9\ that if 

-gCTl?! _ 1 

IE 



Ct 



1{Ct>0} + |^|1{Ct=0} 



< +00, 



then the BSDE h6.29\) has a solution satisfying 

ln(l + CtE(K\Ft)) 



\Yt\< 



Ct 



l{c,>o} + ^(A|J-t)l{c,=o}, 



where A = 1{Ct>o} + |^|1{Ct=o}- 



(6.29) 
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